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It has been shown in previous literature that nearly diffraction limited focusing is possible by a doublet
metalens up to almost 30 deg. This result indicates that metalenses can work well, even at oblique
incidence. Although various meta-atoms have been proposed, as far as we know, there is no report that
compares what kind of meta-atom is robust against oblique incidence. Here, we first numerically
calculated the incident angle dependence of the three types of meta-atoms. The results show that the
waveguide-type structure is the most robust to oblique incidence. Next, we performed rigorous
electromagnetic simulations for the cylindrical doublet metalenses to compare the micropost-type and
waveguide-type. These results indicate that a waveguide-type metasurface further improves the off-axis

performance of the doublet lens previously introduced.
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7 Introduction

Metasurfaces are 2D arrays of subwavelength structures
known as “meta-atoms.” Metasurfaces have been shown to
enable control of the amplitude, phase, polarization, and
orbital angular momentum of reflected or transmitted light.
One of the important applications of metasurfaces is wave-
front control and especially the metasurface that works as a
metalens. Many kinds of meta-atoms have been designed for
the phase control of metasurfaces using high-index materi-
als. Lalanne and Chavel classified them into three groups
[1]: waveguide-type, resonant-type micropost, and resonant-
type nanodisk. The waveguide-type has a single mode in the
structure. The period is smaller than the structural cutoff [2]

and the aspect ratio is relatively high. Microposts are multi-
mode; Kamali et al. reported that at least eight resonant
modes contribute to the transmittance and the phase in their
micropost [3]. The aspect ratio is weakly relaxed compared
to the waveguide-type. The doublet metalens that we focus
on in this paper is a micropost-type structure. A nanodisk-
type can be understood in terms of Mie resonance [4], [5].
A nanodisk-type metalens consists of periodically arranged
disk-like structures whose fundamental electric and mag-
netic resonances coincide at the same wavelength. The
aspect ratio is significantly relaxed and good for manufactur-
ing. The three groups classified by Lalanne and Chavel are
simple structures such as square pillars or cylindrical pillars

that are polarization-independent for normal incident light

" This paper is reprinted with permission from © Optica Publishing Group of reference [21].
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due to their symmetry. Most metalenses are designed for a
normal incident beam. However, oblique incident light is
important for many applications such as imaging. Arbabi et
al. showed that doublet metalenses are capable of nearly
diffraction-limited focusing up to an incidence angle of 30
deg [6]. Their results indicate that the subwavelength ele-
ments designed by Arbabi et al. are robust to the oblique
incidence. However, the paper does not mention much about
oblique incidence characteristics.

Although there are previous studies on the characteristics
of oblique incidence on dielectric metasurfaces [1], [7], [8],
there is no report, to the best of our knowledge, that com-
pares the phase responses of oblique incidence and how
those three types affect lens performances. In this paper, we
first calculate the incident angle dependence of the three
types of meta-atoms classified by Lalanne and Chavel. Our
results indicate that the waveguide-type can be most suitable
for wide-angle incidence. We then confirm the effect of
structural differences on the performance of a doublet lens

with full electromagnetic simulations. There are studies on

(RCWA) [12], [13]. The angle of incidence is calculated from
0 deg to 30 deg. The transmittance and phase are calculated
for both TE and TM polarization for oblique incidence
because the response of the structure is different depending
on the polarization, even when the structure is polarization
independent at normal incidence. For each type, the param-
eters of the metasurface structure, such as height of the
pillar and period, are selected from previous papers. The
parameters used in the calculation are summarized in Table
1. Fig. 1 illustrates the dependence on the angle of incidence
for the three types of subwavelength elements with TM
polarization, and Fig. 2 shows the same for TE polarization.
Figs. 1 (a) and 1 (d) are the results for the transmittance
and the phase of the waveguide-type [2], respectively. Simi-
larly, Figs. 1 (b) and 1 (e) and Figs. 1 (c) and 1 (f) are those
of the micropost-type [6] and the nanodisk-type [5]. The

Table 1 Parameters for Oblique Incidence Characteristic Calculations

Meta-atom Type Waveguide Micropost Nanodisk
the optimization of the metasurface for further efficiency Lattice type Square  Hexagonal Square
improvement [9]-[11], but optimized structures are not Lattice const. 272 nm 450 nm 666 nm
covered in this paper. Pillar shape Square  Cylindrical Cylindrical

Pillar height 817 nm 600 nm 220 nm
Amorph
) ) o Pillar material TiO, S;‘,;for‘l)us Silicon
2 Oblique Incidence Characteristics of
Wavelength 633 nm 850 nm 1340 nm
The Meta-Atoms . . .
Material between pillars Air SU-8 Embedded in medium
We calculate the transmission characteristics of three Substrate Si0: SiO: with n = 1.66
. . Ref 2 6 5
types of meta-atoms by rigorous coupled-wave analysis clerences f21 [6] (51
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Fig. 1 Incident angle dependence of the transmission coefficient from an infinite 2D array of meta-atoms for TM polarized light:

(a)—(c) Transmission coefficients and (d)—(f) phase. (a), (d) Waveguide-type structure [2]. (b), (e) Micropost structure [6].
(c), (f) Nanodisk structure [5].
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Fig. 2 Incident angle dependence of the transmission coefficient from an infinite 2D array of meta-atoms for TE polarized light:

(a)—(c) Transmission coefficients and (d)—(f) phase. (a), (d) Waveguide-type structure [2]. (b), (e) Micropost structure [6].

(c), (f) Nanodisk structure [5].

same applies to Fig. 2 regarding the numbering of subfig-
ures.

The desired features of a meta-atom for lens applications
are that the transmittance of the metasurface is close to
unity and that the phase covers the range of 2z or more by
changing the width of the pillars. Further, it is required that
the phase does not change with angle of incidence. In the
case of normal incidence, it can be seen in Fig. 1 and Fig. 2
that the phase can be controlled over a range larger than 2z
and with high transmittance for all three types. For the
micropost-type and the nanodisk-type, however, there are
large drops in the transmittance when the incidence angle is
20 deg and 30 deg. These drops are considered to originate
from the multiple resonances because multiple resonances
can cause destructive interferences. Furthermore, the
phases around the drops in transmittance are drastically
modulated. Therefore, these will not work well at oblique
incidence. In particular, the nanodisk-types cannot cover 2z
by changing the diameter at incident angles greater than 10
deg. This is due to the fact that the electrical resonance and
magnetic resonance in the nanodisk no longer overlap at
oblique incidence, which is clearly seen when the incidence
angle is 10 deg in Figs. 1 (c) and 1 (f). Therefore, met-
alenses made from nanodisks will not have sufficient phase
modulation at oblique incidence and good lens performance
cannot be expected. On the other hand, the waveguide-type
has almost the same transmission phase as normal incidence
up to 30 deg. Because the waveguide-type has only a single
mode in the structure, the destructive interferences do not
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happen, even at oblique incidence [7]. These results indicate
that the waveguide-type can be superior to the lens perfor-
mance compared to the other types. Fig. 3 shows examples
of the electromagnetic field distributions for the incident
angles 0 deg and 20 deg for each type. The electromagnetic
field distribution in the waveguide for incident angle 20 deg
is almost the same as that of normal incidence because of
the single mode; on the other hand, the electric field distri-
butions at 20 deg in the micropost-type and nanodisk-type
evidently differ from those at normal incident lights because
of multimode.

The doublet metalenses introduced in [6] worked well for
oblique incident beams composed of the micropost-type
meta-atom. However, from the results of these oblique inci-
dent characteristics, it is possible that the performance of
the doublet metalenses is further improved by using the
waveguide-type instead of the micropost-type.

Since these transmission and phase simulations do not
directly indicate what kind of lens performance improve-
ment should expected, we performed lens-focusing simula-

tions to find out.

3 Electromagnetic Simulations for
Cylindrical Doublet Metalens

To understand what kinds of lens performance the wave-
guide-type improves, we simulate focusing with doublet-
metalenses composed of micropost-type and waveguide-type

meta-atoms by full electromagnetic simulations. The former
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Table 2 Parameters for Oblique Incidence Characteristic Calculations

Meta-atom Type Waveguide Micropost
Lattice type Square Hexagonal
Lattice const. 280 nm 450 nm
Pillar shape Cylindrical Cylindrical
Pillar height 800 nm 600 nm
Material Amorphous silicon Amorphous silicon
Wavelength 850 nm 850 nm
Materll):ialllfrestween Air SUS
Substrate SiO, SiO,

is a micropost-type introduced by Arbabi et al. [6] and the
latter is a waveguide-type that we designed for these cylin-
drical lens simulations. Table 2 shows the parameters. The
diameter used in the cylindrical lens simulations is from 91
nm to 190 nm and the maximum aspect ratio is 8.8. Fig. 4 is
the pillar width dependence of the transmittance and the
phase for the waveguide-type structure for normal incidence.
The inset of the graph in Fig. 4 is a schematic illustration of
the unit cell of the meta-atom. The amorphous silicon cylin-

drical pillars are aligned periodically on a 2D square lattice
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Examples of the electromagnetic field amplitudes E, for TE polarized light at Y = 0. (a)—(c) Normal incidence
and (d)—(f) incident angle 20 deg. (a), (d) Waveguide-type structure [2] of pillar width 150 nm. (b), (€) Micropost
structure [6] of diameter 180 nm. (c), (f) Nanodisk structure [5] of diameter 460 nm. The electronic field
component of the incident wave is omitted. Arrows indicate the angle of incidence.
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Fig. 4 Transmittance and the phase of the waveguide-type meta-
atom we used in the doublet simulations.

on the fused silica substrate with a height of # = 800 nm and
a lattice constant @ = 280 #nm. In our simulations, we use the
design of the doublet metalens introduced by Arbabi et al.,
whose phase profile parameters are shown in Table 1 of the
supplementary material in [6]. The cross section is depicted
in Fig. 5. The doublet metalens consists of two flat lenses.
We refer to the first one as a correcting lens and the second
one as a focusing lens. This doublet lens is designed for a

single wavelength of 850 nm.
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Fig. 5 Doublet metalens introduced by Arbabi et al. Phase profile

parameters for this doublet metalens are shown in Table 1
in the supplementary material in [6].

There are various electromagnetic simulation methods to
study the behavior of electromagnetic fields in structures of
the order of wavelength size or below. In particular, the
finite-difference time-domain (FDTD) method [14], [15] and
the RCWA is widely used. The RCWA is most typically
applied to solve scattering from periodic structures. There-
fore, we chose RCWA to calculate the transmittance and
phase of the periodic element of a metasurface for Figs. 1
and 2. On the other hand, FDTD is more flexible than
RCWA, and FDTD can be used for a nonperiodic structure,
so we chose FDTD for the doublet metalens simulations
below. FDTD grid element sizes are typically from 1/10 to
1/20 of the wavelength to avoid numerical dispersion. How-
ever, the grid size to simulate a metalens must be much
smaller to represent the change of the pillar diameter of the
meta-atom in metasurfaces and a much larger scale simula-
tion is required. As a result, a tremendous amount of time
and PC memory will be required to simulate a metalens of a
size for practical use. In this paper, we simulate the doublet
metalens designed by Arbabi et al. [6] (see Fig. 5). The
diameter of the lens is ¢ = 1.6 mm and the thickness is f = 1
mm. If we simulate such a double metalens by simple FDTD
with a 5 nm grid element size, the simulation requires
320,000 x 320,000 x 200,000 grid elements. This means that
we need much more than petabyte memories to simulate the
doublet metalens—and it is unrealistic.

There are several ways to simulate the mm size doublet
lens and avoid this difficulty. One approach is to proportion-
ally reduce the simulation size [16]. Lenses under those
kinds of simulations are scaled by some scaling factor with
parameters such as NA or F/no kept constant. It is reason-

able to assume that the focusing features are unchanged
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because the spot size for ideal focusing depends only on the
wavelength and the NA. However, the wavefront aberrations
are proportional to the scaling factor and, in this situation,
the wavefront aberrations will be underestimated and the
balance between the wavefront aberration and the other
effects will change. Hence, the lens should be simulated in
the same scale as we use in practice, if we want to know the
imaging quality in terms of the aberration. Another approach
is that the metalens is treated as a phase mask. The
response at each position on the metalens is defined by the
transmittance and its phase obtained by numerical calcula-
tion of individual elements [17]. This method allows us to
efficiently simulate many features of the metalenses. How-
ever, interactions between subwavelength elements are
neglected in this method. In the dielectric meta-surface, a
material with a high refractive index is used for the meta-
atom so that the electromagnetic field is localized in the
meta-atoms and the interactions between neighboring meta-
atoms are suppressed to a small level. Therefore, the
assumption that the meta-atom can be treated as an indepen-
dent element might hold to some extent, but the interaction
is not zero. In particular, the interaction is likely to be very
different at regions where the phase changes rapidly. Byrnes
et al. proposed another good method that takes advantage of
the fact that the phase profile away from the center of the
lens can be approximated as a collection of deflector cells
[9]. The propagation components from each cell are
obtained by RCWA and then the electric fields immediately
after transmission through the lens are constructed by the
components. This method can calculate a large lens with a
good approximation, but the complicated calculations are
then required when the incident light is not a simple plane
wave, as is the case at the focusing lens of the doublet met-
alens.

We adopt yet another approach. We simulate a cylindrical
lens instead of a rotationally symmetric aspherical lens [18].
Fig. 5 can be considered as the cross section of the corre-
sponding cylindrical lens as well as that of the rotationally
symmetric aspherical lens and the wavefront profile on the
meridional plane of the spherical lens is identical to the
wavefront profile for the cylindrical lens. In a cylindrical lens
simulation, we can only know the behavior of the wave on
the meridional plane, but the balance between the wavefront
aberration and the other effects are the same as in the
original lens and we can get useful information from the
results. Because the meta-atoms on the cylindrical met-
alenses are aligned periodically along the cylindrical axis, we

can use a periodic boundary condition. And the periodic lat-
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tice constants of meta-atoms are smaller than the wave-
length. This means that a cylindrical lens configuration can
reduce the simulation size smaller than the wavelength
along the cylindrical axis. In the case of a doublet metalens,
however, the distance between the two metalenses is as
large as 1 mm. Hence, even if there is a cylindrical configu-
ration with a periodic boundary condition, the simulation
size is still too large to simulate along the optical axis. We
must therefore adopt an additional means to reduce the cal-
culation time. One of the ways to reduce the calculation size
is subgridding [15]. The space between the two metalens of
the doublet is a uniform medium and the grid element size
can be larger than needed by metasurface elements. Still,
the calculation size with subgridding remains huge. So
instead of subgridding, we calculate the propagation from
the first metalens surface to the second with Rayleigh—Som-
merfeld (RS) diffraction that is usually used for scalar dif-
fraction. The medium between the first metalens and the
second one is isotropic, homogeneous, and source free. Each
six components of the electromagnetic field obey the RS dif-
fraction formula independently in the medium (see Appendix
A). Therefore, an exact full electromagnetic solution can be
calculated by the RS diffraction between the two metalens.
Then the FDTD calculation is needed only in the vicinity of
the two metalenses and the calculation size along optical
axes becomes only several micrometers if the wavelength
used in the simulations is 850 nm. As described above, by
adopting a combination of an RS diffraction calculation and
FDTD with a cylindrical lens configuration, it is possible to
perform the imaging simulation of the doublet lens in a real-
istic time. We calculate the fields on the focal plane by fol-

lowing steps:

Step 1: FDTD calculation for the correcting lens.
Input plane wave is excited in the plane just before the
correcting lens. The outputs are Ex, Ey, Hx, and Hy in the

plane just after the correcting lens.

Step 2: RS diffraction calculation between correcting lens and
focusing lens.
Calculate the RS diffraction for each field distribution out-
putted by FDTD calculation in Step 1. The outputs of
these diffraction calculations are the field distributions just
before the focusing lens. These calculations can be calcu-

lated independently for each field.

Step 3: FDTD calculation for the focusing lens.

Input source is excited in the plane just before the focus-
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ing lens using the field distributions calculated by RS dif-
fraction in Step 2. Outputs are Ex, Ey, Hx, and Hy in the
plane just after the focusing lens, just like in Step 1.

Step 4: RS diffraction calculation from focusing lens to focal
plane.
Calculate the RS diffraction as in Step 2 from the plane
just after the focusing lens to the focal plane. The focal
spot and the modulation transfer function (MTF) can be

calculated from the outputs.

It is important to note that the multiple reflections
between the two metalenses do not appear in the results
since the back- ward wave is excluded from the calculation
of the RS diffraction in Step. 2. However, if there is 10%
reflection from a metasurface, noise originated from the
multiple reflections will be only about 1% and there will be no
significant effect on the simulation results. Multiple reflec-
tions will be discussed further at the end of Section 4.

We adopt the FFT-DI method [19] to numerically calcu-
late the RS diffraction formula. The sampling periods and the
calculation size on the input plane do not change at the out-
put plane and the output region can be shifted perpendicular
to the optical axis by shifting the center of the transfer func-
tion kernel % (x, y) in Eq. (A3) of the FFT-DI calculation. In
our calculations, since the structures along the cylindrical
axis are smaller than the wavelength, propagated wave fields
(not evanescent wave fields) are constant along the cylindri-
cal axis. Therefore, we adopt as the transfer function kernel
Eq. (A3) instead of Eq. (A2) for the cylindrical doublet met-

alenses simulations.

4 Results and Discussion

Here, we show the simulation results of the doublet met-
alenses made of micropost-type and waveguide-type meta-
atoms. Simulations are performed with both TM and TE
polarization, and the incidence angles are from 0 deg to 30
deg in 10 deg steps. The grid size in the FDTD simulation
is Ax = Ay = Az = 5 nm. Perfectly matched layers (PML) are
used in the Z axis direction and the periodic boundary con-
ditions are used in the X axis and Y axis directions.

Fig. 6 and 7 show focal spots on the focal plane at 0 deg,
10 deg, 20 deg, and 30 deg incident angles, and the corre-
sponding MTE. Fig. 6 is for TM polarization and Fig. 7 is for
TE polarization. Figs. 6 (a) and 6 (c) shows the focal spots
for the micropost-type and waveguide-type, respectively.
Figs. 6 (b) and 6 (d) are the MTFs. The same applies to
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Fig. 7 regarding the numbering of subfigures. Intensity dis-
tributions are calculated by I = |S,| = |E:H,~E,H,| and are
normalized so that the maximum value of an ideal spot with-
out loss due to scattering or reflection is unity. The chief ray
heights calculated by ray tracing are set at the origin of the
horizontal axis for oblique incident focal spots.

The difference between the results of the micropost-type
and those of the waveguide-type is not large for the TE
polarized incident light. Similarly, the difference in results is

not large in the case of normal incidence for TM polariza-
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tion. However, we can see differences in the MTF between
the two types at low frequencies below 0.2 cycles/um for
the oblique incidence, especially at 20 deg and 30 deg of TM
polarization. Obviously, the waveguide-type is superior to the
micropost- type. Moreover, the MTF for incident angles of 20
deg and 30 deg of the micropost-type is very noisy. This is
because speckle-like noise is distributed around the spot.
Note that the intensities of the speckle are too small to be
seen in Fig. 6 (a). We can understand it from the viewpoint
that the MTF is defined as the magnitude of the Fourier
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Wavefront aberrations for each incident angle with TM polarization. Results for the micropost-type are shown in the left

column, and those of the waveguide-type are in the right column. Electromagnetic simulations are plotted in light brown,

and OPD aberrations are plotted in light green.

transform of the point- spread function. The speckle-like
noise appears as flare under incoherent illumination.

Figs. 8 and 9 show the wavefront aberrations of the
micropost-type and the waveguide-type. These are our main
results. Fig. 8 is for TM polarization and Fig. 9 is for TE
polarization. The left column is the micropost-type and the
right column is the waveguide-type.

The light brown lines are the wavefront aberrations by
electromagnetic field simulations that are the difference
from the ideal spherical wavefront on the plane immediately
after the focusing metalens. The green lines are the
designed wavefront aberration calculated by ray tracing

(CODE V, Synopsys, Inc.) as the optical path difference
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(OPD) aberrations. Metalenses can be defined as phase
profiles with even-order polynomials of the radial coordinate
in ray tracing calculations. For the waveguide-type, it can be
seen that the wavefronts of ray tracing and those of electro-
magnetic simulations are in good agreement in all cases. For
the micropost-type, good agreement is shown when all the
cases are of TE polarized light and also in the cases of TM
polarized light at small angles of incidence. However, when
the incident angle is as large as 20 deg and 30 deg, we can
see very large fluctuations in the wavefront and large devia-
tions from the wavefront by ray tracing. In this way, the
waveguide-type can suppress the jaggedness of the wave-

front aberrations for oblique incident TM polarized light.
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The main difference between the micropost-type and the
waveguide-type is whether it has multimode or single mode,
as we can see in Fig. 3. Note that multimode can cause
destructive interferences at oblique incidence. They can be
seen in the results of the transmittance and transmission
phase of the meta-atom itself at oblique incidence, as shown
in Figs. 1 and 2, and can result in the jaggedness of the
wavefront for the micropost-type metalens.

The difference between the two types can be clearly seen
by looking at the wavefront aberration rather than the focal
spots or MTF. In addition, the speckle-like noise that
appeared at 20 deg and 30 deg of TM polarized light when
discussing the MTF can be understood from the disturbance
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of these wavefronts.

Fig. 10 shows the total power immediately after the correcting
lens, the total power immediately after the focusing lens, and
the focusing efficiency at the focus position when the power
of the incident light on the correcting lens is unity. We
define the focusing efficiency as the fraction of the incident
light that focused within six times the FWHM spot size.

It can be seen that the focusing efficiencies of the wave-
guide-type are clearly better than those of the micropost-
type. There is not a big difference between the waveguide-
type and the micropost-type in terms of wavefront aberration
for TE polarization (Fig. 9), but the focusing efficiencies are
better than those of the micropost-type. From this result, it
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is clear that the efficiencies are greatly improved using the
waveguide-type metalens compared to the micropost-type
metalens when the angle of incidence is large. As we men-
tioned above, in our simulations the multiple reflections will
not have a significant effect if there is 10% reflection from a
metasurface. All reflectance from each waveguide metalens
are below 10%, except the condition when the incident angle
is at 30 deg of TM polarized light whose reflectance for the
focusing metalens is 11%; therefore, we can neglect the mul-
tiple reflections. As for the micropost-type, however, some
reflectance for each metalens are more than 30% and multi-
ple instances of reflected light may appear on the image
plane as noise or flare. Therefore, the image quality for a
micropost-type metalens can be worse in terms of multiple

reflections.

5 cConclusion

It is shown that the wavefront aberrations estimated by
full electromagnetic simulations for a waveguide-type meta-
surface are in good agreement with those found by ray trac-
ing. On the other hand, when the incident angle is large, the
wavefront of the micropost-type metalens has large fluctua-
tions. Then, the difference from ray tracing becomes large
and those fluctuations cause flare. These results show that
the waveguide-type can improve the lens performance of
Arbabi’s doublet in terms of efficiency, wavefront aberration,
and flare.

Because our simulations do not take fabrication errors
into account, we cannot mention how tight the tolerance is.
The waveguide-type structure is not easy to manufacture,

and tight tolerance might be required, which will increase
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the manufacturing costs. Therefore, a lens with nanodisk-
type or micropost-type might be more desirable when using
only normal incidence or when the incident angle is not so
large. However, from our results, it is better to select the
waveguide-type to make a metalens with a large angle of
view for a single wavelength, which will have a small aberra-
tion and high efficiency. In addition, it is important to check
whether the oblique incident characteristics meet the
desired lens specifications when designing a sub-wavelength

element.
APPENDIX A: Rayleigh-Sommerfeld Diffraction

Let’s review the Rayleigh—Sommerfeld (RS) diffraction.
When the medium is isotropic, homogeneous, and source
free, the time-independent 3D Helmholtz equation for a sin-

gle frequency is derived from Maxwell's equations:

(V' +F)E(x)=0

(V*+EHH(x)=0 @l

where E and H are the electric and magnetic field, and k is
wave number. From this formula, we know that each compo-
nent of the electric or magnetic fields can be expressed
independently from the other components. The Rayleigh—
Sommerfeld formula of the first kind is

Ux,y) = [U, y)h(x - ',y - y)dx'dy’

h(x,y)z i[exp(ik\/x2 +5° +22)]

0z e+ + 2

A2

where Ul(x, y) is a complex amplitude of a field. It is an exact
solution to the Helmholtz equation from an initial (x’, y") plane
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to a parallel (v, y) plane with distance z [20]. Therefore, if we
know the six components of the electromagnetic field in an
initial plane, we can independently calculate each field in the
planes parallel to the initial plane using Eq. (A2). If the field
distribution does not change along that y axis, as in our
simulations, the Rayleigh—Sommerfeld formula in Eq. (A2)

is reduced to
U(x) = [UG)h(x—x')dx’

h(x)= ki\/z—HfZ) (k\/ 1+ 2 )

2iVa® + 27

A3

where H® is a Hankel function of the second kind.
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